A framework for studying the effect of boundary conditions (BCs) in models exhibiting anomalous heat conduction is described and applied to the harmonic chain with momentum exchange model. In this approach one first uses the hydrodynamic (HD) equations to calculate the equilibrium current-current correlation function in large but finite chains, explicitly taking into account the BCs resulting from the coupling to the heat reservoirs. Making use of a linear response relation, the anomalous conductivity exponent α and an integral equation for the temperature profile are obtained. The temperature profile is found to be singular at the boundaries with an exponent which varies continuously with the coupling to the heat reservoirs expressed by the BCs. In addition, the relation between the harmonic chain and a system of noninteracting Lévy walkers is made explicit, where different BCs of the chain correspond to different reflection coefficients of the Lévy particles.
A framework for studying the effect of boundary conditions (BCs) in models exhibiting anomalous heat conduction is described and applied to the harmonic chain with momentum exchange model. In this approach one first uses the hydrodynamic (HD) equations to calculate the equilibrium current-current correlation function in large but finite chains, explicitly taking into account the BCs resulting from the coupling to the heat reservoirs. Making use of a linear response relation, the anomalous conductivity exponent α and an integral equation for the temperature profile are obtained. The temperature profile is found to be singular at the boundaries with an exponent which varies continuously with the coupling to the heat reservoirs expressed by the BCs. In addition, the relation between the harmonic chain and a system of noninteracting Lévy walkers is made explicit, where different BCs of the chain correspond to different reflection coefficients of the Lévy particles. , where κ is an N -independent quantity called the conductivity. Anomalous heat conduction, typically characterized by κ = aN α with 0 < α ≤ 1, has however been shown to be a generic feature of onedimensional momentum-conserving systems [1] [2] [3] . Violations of Fourier's law have been reported for a large variety of systems over the last decades both in theoretical models [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and in nanotube experiments [19] . This phenomenon is usually accompanied by other puzzling features such as divergence of the time integral of the equilibrium current-current correlations, superdiffusive propagation of local energy perturbations [20] and boundary singularities in the nonequilibrium stationary temperature profile [3] .
For an infinite system, the heat conductivity is generally obtained from the equilibrium current-current correlation function using the Green-Kubo formula [3, 21] ,
(1) Here J(x, t) is the instantaneous energy current, T = T++T− 2 is the average temperature, . . . N,eq denotes the equilibrium average and we work in units where k B = 1 throughout the paper.
In case of anomalous conduction (1) diverges and is not applicable in a strict sense. Arguing that correlations are strongly suppressed at time scales when the sound peaks hit the boundaries, a cutoff time t c ∝ N is introduced [14] . This cutoff causes the effective conductivity to depend on N and to diverge for N → ∞.
Anomalous conductivities have been observed to be accompanied by temperature profiles with divergent derivatives at the boundaries [1-4, 6-8, 10, 11, 22-28] , namely dT dx ∼ x→0 + x −ν with 0 < ν < 1 and symmetrically for
An exact calculation of the temperature profile has been carried out for the harmonic chain with momentum exchange (HCME) in fixed boundary conditions (BCs) [24] , but a more general theoretical framework is lacking. In a related phenomenological approach to heat conduction, quanta of heat are assumed to undergo Lévy flights [28] [29] [30] [31] [32] [33] . The Lévy particle density and current hence become analogous to the temperature and the energy current, respectively. Excellent agreement has been observed in some cases [28] , but there is no known generic way to translate a heat conducting system into a Lévy equivalent.
In this work we present a general framework which takes into account the effect of BCs for evaluating temperature profiles and in particular the exponent ν. We then apply this method to the HCME. Let us start by introducing some general considerations. For small temperature differences ∆T = T + − T − T , the stationary distribution is close to local equilibrium. Linearizing around it, we get [21, 34] 
where J stat is the stationary heat current, which does not depend on space. The kernel K N (x, y) is expected to be determined by the equilibrium properties of the system through
At this point, replacing the current-current correlation by its infinite system counterpart generally (although not always [35] ) provides the correct scaling exponent α after properly introducing the upper cutoff time t c in (1). There is however no guarantee that this approximation can be made in general. In several studies the temperature profile [26] , the current prefactor a [22, 26, 36] or even the exponent α [35, 37, 38] were found to depend on the BCs. In the context of anomalous transport, one can assume a large-N scaling form of the temperature profile,
where U and J do not depend on N and ∆T . Using the scaling forms (4) in the large N limit, (2) becomes
with the asymptotic kernel
where the fact that the limit (6) exists fixes the value of the exponent α. Equation (5) determines both the temperature profile U(u) and the current J once the boundary values of the temperature are specified. Here we simply assume that there is no discontinuity at the boundaries, which imposes the normalization
U(u)du = 1. One can therefore solve (5) for U(u) up to a multiplicative constant, impose the normalization and then compute J using (5) with known U(u).
Assuming that K(u, v) can be replaced by its infinite system expression
, as imposed by the scaling (6) and translational invariance, yields further simplification. Inverting (5) using the Sonin inversion formula [33, 39] yields
from which the temperature profile is easily obtained by integration. In the Lévy flight picture, for absorbing boundaries the density profile precisely obeys Eq. (5) with the infinite-system kernel [33, 39, 40] and is therefore given by (7) . To analyze the effect of the BCs, we consider the HCME model [16, 17, [23] [24] [25] [26] , where the particles i = 1, . . . , N have positions q i (t) and momenta p i (t), and the left and right ends are coupled to Langevin reservoirs. The equations of motion for i = 1, . . . , N are
where ζ = 1 for free BCs and ζ = 2 for fixed BCs. Here ω is the oscillator frequency and ξ 1 and ξ N are two meanzero Gaussian noises with variances 2λT + and 2λT − originating from the heat baths at temperatures T + and T − attached to the left and right ends respectively. In addition to the noisy dynamics (8) , momenta of neighboring sites are exchanged with a constant rate γ to allow the model to relax to a Gibbs state under equilibrium conditions. Here we are mainly interested in the temperature profile T i = p 2 i for i = 1, . . . , N . The model has been analyzed analytically for fixed BCs and studied numerically for free BCs. It has been shown that the anomalous exponent α = 1 2 in both cases [23, 24, 26, [41] [42] [43] . For fixed BCs the asymptotic temperature profile is known exactly [24] ,
and is independent of λ, whereas it has been shown numerically to depend on λ for free BCs [26] . In particular, the solution (9) diverges near both boundaries u = 0 and u = 1 with an exponent ν = 1 2 . However, replacing K by K ∞ gives the solution (7) and ν = 1 4 , in contradiction to (9) . One therefore needs to compute the kernel K in presence of the boundaries.
In order to do that we first translate the microscopic equations (8) to hydrodynamic (HD) equations. In the bulk, a general HD approach has recently been developed [41] [42] [43] [44] [45] [46] , which provides a general framework accounting for the anomalous behavior. On HD time scales a random fluctuation decomposes into two balistically moving sound peaks, whose evolution is governed either by Kardar-Parisi-Zhang or Edwards-Wilkinson equations, and one symmetric heat peak generically shaped like a Lévy distribution [3, 41] . We thus define the stretch and energy variables s i = q i+1 − q i and e i = and coarse-grain the equations of motion (8) in space and time. Expressing the equations in terms of the sound modes φ ± = ωs ∓ p and heat mode φ 0 = e, and adding diffusion and noise terms, as prescribed by the fluctuating HD framework [3, 41-44, 46, 47] , one obtains [3, 45, 48] 
are phenomenological diffusion coefficients. The momentum exchange mechanism ensures that the HCME thermalizes but may only appear in (10) through the diffusion constants D and D 0 . The instantaneous energy current can be read from (10),
neglecting the subdominant diffusion term [45] . The fluctuating HD equations (10), (11) have been shown to predict the right scaling for the conductivity [3] and the cumulants of the equilibrium current of the HCME on a ring [48] . Since neither the current (11) nor the equations for φ + and φ − depend on φ 0 , the kernel (3) can be obtained by solving only the equations for φ + and φ − with suitable BCs.
Contrary to the bulk equations, there is no general recipe for deriving the BCs for the HD equations. Here the strategy is to introduce extra stretch and momentum variables in order to extend the structure of the bulk equations to the boundary equations i = 1, N at the cost of introducing additional conditions, that become the HD BCs after coarse-graining. As in the bulk, we expect the momentum exchange to lead to high order spatial derivatives, making it negligible after coarse-graining, see (10) and [47] . The noises ξ ± do not contribute either since their time averages vanish.
To explain the procedure let us consider the free BCs case as an example. We introduce a dynamical variable s 0 such that p 1 follows the bulk evolution equation. Neglecting the noise in (8), we obtain the condition
A second BC is needed, since the HD equations (10) are of second order in space, and is obtained by introducing p 0 such that s 0 follows a regular equation of motion. Taking a time derivative of the first condition yields
After coarse-graining space and expressing s and p in terms of the sound modes φ ± , we obtain for free BCs the HD BCs (14) where the condition at x = N has been obtained by applying the same treatment to the equation for p N , and
Physically, the BCs (14) mean that when a φ + (resp. φ − ) gaussian peak hits the right (resp. left) boundary, it turns into a φ − (resp. φ + ) gaussian peak whose integral is multiplied by a factor r. These phenomena have been observed in numerical simulations and the validity of (14) has been confirmed (not shown here, see [49] ). The resonant (impedance matching) case λ = ω is of particular interest since there is no reflection at all, r = 0. The fixed BCs can be considered as a special case of the free BCs. Indeed, for λ → ∞ the positions q 1 and q N stay very close to 0 and therefore mimic fixed BCs. For fixed BCs we therefore have (14) with r = 1.
The bulk equations (10) and BCs (14) for φ + and φ − are linear and can be solved for any initial condition and reflection coefficient r. The solutions are written in terms of the four Green functions f σ,τ (x, y, t) for σ, τ = ±, as
where,
with r = 1 for fixed BCs and r = λ−ω λ+ω for free BCs. The expressions (16) for the fields can now be inserted in (11) to compute the kernel (3). Averaging over the Gaussian initial conditions and integrating over time gives K(x, y) (for details see the supplemental material [50] ). After large N rescaling of the profile and the kernel (4)-(6) we recover α = 1 2 . Up to corrections of order N −1 , the rescaled kernel reads (right). In the main plots results of Monte-Carlo simulations for increasing system sizes N = 100, 200 and 400 are compared to the theoretical predictions given by (7) with α = 1 2 and the numerical solution of (5)- (18) where S = φ + (x, 0) 2 eq = φ − (x, 0) 2 eq denotes the amplitude of the equilibrium fluctuations, and R = r 2 . Solving (5) along with the kernel (18) one obtains the temperature profile. Although our analysis is based on the assumption |∆T | << T , for HCME this temperature profile will be valid for arbitrary ∆T , since the quadratic correlations satisfy a closed set of linear equations with a source term proportional to ∆T [24] .
Exact analytical expressions of the temperature profile can be obtained in two limiting cases. For the free resonant case R = 0 the kernel is the same as that of an infinite system and depends only on u − v. The profile is therefore given by (7) with α = For free BCs with λ = ω we have 0 < R < 1 and (5) has to be solved numerically, for lack of an exact solution. The resulting continuum of kernels interpolates between the R = 0 and R = 1 curves. A striking feature is that the singularity exponent ν is observed to depend continuously on R [28] .
To determine the exponent ν we derive (5) with respect to u. This derivative should identically vanish. Assuming that U(u) ∼ u −ν for small u, the derivative of (5) exhibits a singular term ∝ u −ν−1/2 , whose coefficient is determined by the singularities of the kernel on the line u = v and at the points (u, v) = (0, 1) and (1, 0). Eventually, requiring the coefficient of the singular term to vanish provides a condition on ν,
Solving (19) using Mathematica we obtain ν as a function of R, which we verify against direct numerical solution of (5)- (18) in Fig. 1 . Note that this expression differs form the linear function conjectured in [28] for ν(R) based on numerical evidence, although it is quite close to it. In fig. 2 we plot the temperature profiles for two cases: free resonant BCs and free BCs with R = 1 2 . In all cases the profiles predicted by (5)- (18) are in good agreement with Monte-Carlo simulations of the HCME and therefore validate the above analysis.
This work arose from the incompatibility between the temperature profile of the HCME predicted by the linear response relation (2) using the infinite system kernel and the exact solution for fixed BCs (9) . In all considered cases it turns out that the linear response relation (2) can be applied provided that the proper BCs are used to derive the kernel. For the HCME the HD theory can be supplemented with BCs (14) for the HD equations, derived from the microscopic BCs. The linearity of the HD equations allows for an exact analytical treatment in the large N limit, which is fully consistent with the previously known solution for the fixed BCs (9) and numerical evidence.
An important result of the present study is the clear analytical and conceptual connection between the Lévy flight picture [28, 33] and the HCME. Equation (5) with the kernel (18) is the same as that obtained for the density profile of a system of particles performing Lévy flights with a length distribution decaying with a power of 5 2 [28, 33] . In this model the Lévy particles are reflected with probability R at the boundaries. In the HCME the fluctuations of the sound modes are identified with the quanta of heat being carried by the Lévy flyers and the spreading of the peaks corresponds to the decrease of the flight length probability with distance.
The linear response relation (2) should be valid for other systems when the temperature difference is small, ∆T T and the system size N is large. In this regard, the HCME constitutes a landmark in which HD BCs can be obtained, the HD equations (10)- (14) can be solved exactly and the solution is valid for any ∆T . The analysis leading to (19) shows that a single reflection of the sound peaks can be enough to modify the asymptotic temperature profile. It would be interesting to apply the same approach to other systems and obtain the temperature profiles for systems such as Fermi-Pasta-Ulam chains or gas models. We defer this study to later publication [49] .
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DERIVATION OF THE KERNELS
We start from the solutions of the HD equations, Eq. (16) of the main text. We first average (16) over the realizations of the noises η + and η − . We get, for σ = ±, φ σ (x, t) 
